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Abstract. We prove that any strongly regular Weingarten surface in Euclidean space 
, carries locally geometric principal parameters. The basic theorem states that any strongly 

regular Weingarten surface is determined up to a motion by its structural functions and 
the normal curvature function satisfying a geometric differential equation. We apply these 
' results to the special Weingarten surfaces: minimal surfaces, surfaces of constant mean 

curvature and surfaces of constant Gauss curvature. 
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1. Introduction 



o 

Q 

^__) . 

Our aim in this paper is to introduce and prove a local existence of geometric principal 
parameters on a class of surfaces in Euclidean space. 

For a surface S in the Euclidean space M 3 we use the notations E, F, G; L, M, N for the 
coefficients of the first and the second fundamental form, respectively. K and H will stand 
for the Gauss and mean curvature, respectively. 
q\ \ A useful tool for investigating surfaces in Euclidean space are the isothermal parameters, 

which are characterized by the conditions E = G, F = 0. 

In [H] Rellich considered isothermal parameters (it, v) on a surface S and proved that S is 
uniquely determined by the (natural) equation H = f(u,v). Similar questions are studied 
with respect to the second fundamental form and the (natural) equation K = f(u,v). In 
the latter case the appropriate parameters satisfy the condition L = N ^ 0, M = and the 
equation K = f(u,v) determines uniquely the surface S. 
^ ! In [10] Scherrer studied the question of determining a surface S with: 

(i) the coefficients of the first fundamental form I and the mean curvature H; 

(ii) the coefficients of the second fundamental form II and the Gauss curvature K; 

K 

(iii) the coefficients of the third fundamental form III and the harmonic curvature — . 

H 

In any of these cases it is proved a theorem of existence and uniqueness of a surface 5". 
Looking for a natural equation of a surface S : x = x(u, v), (u, v) G T>, Scherrer introduced 
in [TT] the functions 



(i) support function: p = Ix, where / is the unit normal field to S; 

(ii) radius function: r = \fx? 

K 

and proved that the functions p, r and any of the functions H, K or — determine S up to 

H 

a motion. 

In [S] Leichtweiss considered normalized isothermal parameters (p, q) on a surface S char- 
acterized by the conditions: 

(i) any of the fundamental forms I, II or III can be written in the form D(dp 2 + dq 2 ); 
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(ii) an arbitrary given analytic curve on S (with natural parameter s) is determined by 
the equalities (p — s, q = 0). 

Then in a stripe-neighborhood of the point (p = 0, q = 0) (determined by the given curve) 
the surface S is uniquely determined by a linear-fractional function of H and K. 

In [2] Bryant introduces natural principal coordinates, which are suitable for integrating 
the system of Gauss-Codazzi equations of a surface with prescribed shape operator. 

In this paper we consider surfaces in Euclidean space with respect to principal parameters. 
For any surface S : x — x(u, v), (u, v ) G V we denote by vi, 71, 72 the principal normal 
curvatures and the principal geodesic curvatures, respectively. 

We define the class of strongly regular surfaces by the condition 

[vi{u,v) - z/ 2 K^)]7iO,v)72(w,w) 0, {u,v) G V. 

In Theorem 13.31 we reformulate the fundamental Bonnet theorem for strongly regular 
surfaces in terms of the four invariants Ui, 71, 72. 

For the determining conditions of the Weingarten surfaces we use the following two forms: 

v 2 = w(vi) 

or 

"l = /M, ^2 = g{v). 
In Theorem 14.71 we prove that any strongly regular Weingarten surface admits locally 
geometric principal parameters. 

In the main Theorem 14 . 1 1 1 we prove that: 

Any strongly regular Weingarten surface is determined up to a motion by its determining 
functions f , g and the function v, satisfying the geometric partial differential equation. 

As a consequence we obtain the corresponding theorems for the classes of surfaces deter- 
mined by the conditions: H = 0, H = 1/2, K — 1, K — — 1. 



2. Surfaces one of whose family of principal lines consists of geodesics 

Let S : x = x(u,v), (u,v) G T> be a surface in M 3 with the standard metric and its flat 
Levi-Civita connection V. The unit normal to S is denoted by / and E, F, G; L, M, N stand 
for the coefficients of the first and the second fundamental forms, respectively. We suppose 
that S has no umbilical points and the families T\ and Ti of the principal lines on S form 
a parametric net, i. e. 

F(u, v) = M(u, v) = 0, (u, v) G V. 
Then the principal curvatures v\ and v% are 

L N 
Ul = E> U2= G- 

The principal geodesic curvatures (geodesic curvatures of the principal lines) 71 and 72 of S 
are 

E G 
(2- 1 ) 7i = ~ — 7= , 72 



2EVg' 2GVe' 
respectively. 

We define the tangential frame field {X, Y } as follows 

_ %u y . Xv 



E VG 



ON THE INVARIANT THEORY OF WEINGARTEN SURFACES 



3 



and assume that the moving frame field XYl is always right oriented orthonormal. The 
following Frenet type formulas for XYl are valid 

V X I = 7l Y + M, VyX = 72 Y, 

(2.2) V X Y =- 7 iX, VyY =- l2 X +u 2 l, 

Vi / = -v x x 7 v Y i = y. 

Then the Lee bracket [X, Y] is given by [X, Y] = —71 X — 72 Y. 

The integrability condition V^Vyl — VyV^I — S7\x,y]1 = is equivalent to the Codazzi 
equations 

= Y(^) = 

1 ] X(u 2 ) (u 2 ) u 

72 



v\ - »2 \fE{v x - v 2 ) 

and the integrability condition VxVy Y — VyVxY — V[x,y] Y = implies the Gauss equation 

Y( 7 i) - X{ 12 ) - ( 7l 2 + 7 2 2 ) = W = K, 

or 

( 2 - 4 ) "Ty^r - --/=■ - (7i + 7 2 ) = ^2 = 

Formulas (2.2) imply explicit expressions for the curvature and the torsion of any principal 
line. 

Let ci : z — z(s), s G J be a line from the family T\ (v = const) parameterized by a 
natural parameter and K\, t\ be its curvature and torsion, respectively. Since c\ is an integral 
line of the unit vector field X, then 

z > = X, z" = V X X = ll Y + v 1 l, z'" = VxV x X = -( 7l 2 + v\) X + X( 7l ) Y + X{v x ) I, 

(2.5) k\ = 7l 2 + v\. 
Assuming that 7^ + v\ > along c\, we find 

(oa\ 7iX(^i) - i^iX(7i) / 71 \ 

(2.6) ri = 5 5 = —A arctan — = — A(fcM, 

7i + ^1 V v\j 

where 9\ = Z(rii,l) is the angle between the principal normal ri\ of c\ and the normal / of 
the surface S. 

For the lines c 2 of the family T 2 we obtain in a similar way the corresponding formulas 

(2.7) 4 = 72 2 + vl 



(2.8) 



72 Y(z/ 2 ) - 1/ 2 Y( 72 ) / 7 2 \ , . , 2 2 , 

r 2 = 2 2 = ~ Y arctan — = —Y(6 2 ), (7 2 + ^2 > 0). 

72+^2 V ^2 / 



The aim of this section is to describe locally in a geometric (constructive) way the class 
of surfaces whose family T\ consists of geodesies. 

Let c 2 : x = x(v), v G J 2 , be a smooth regular curve in E 3 parameterized by a natural 
parameter v with vector invariants t(v), n(v), b(v), curvature k(v) > and torsion t(v). 
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A unit normal vector field e(v) along the curve c 2 is said to be torse-forming [16] if 
V*e = ft for a certain function f(v), v G J 2 on the curve c 2 . 

We shall consider an orthonormal pair {ei(v), e 2 (t>)} of torse-forming normals along the 
curve c 2 . Denoting by 9 = Z(n, ei), then the pair 

ei = cos n + sin 6 1 6, 

e 2 = — sin 9 n + cos 6* b, 

is determined uniquely up to a constant angle #0 by the condition 9(v) — — I r dv + 6q. 

Jo 

Further we choose #0 = 0, i.e. the pair {ex(v), e2(v)} satisfies the initial conditions ei(0) = 
n(0), e 2 (0) = 6(0). 

The orthonormal frame field t(u)ei(v)e 2 (f ) satisfies the Frenet type formulas 

t! = k cos 9 6\ — n sin 9 e 2 , 

(2.9) e[ = -n cos9t, 

e 2 = k sin^t. 

We consider the regular plane curve 

Ci : z(u) = x(v) + X(u) ei(v) + /i(w) e 2 (v ) m G Ji, 

rigidly connected with every Cartesian coordinate system x{y )ei(v )e 2 (f ). We suppose that 
the parameter u is natural (A 2 + /i 2 = 1) and the functions A, /i satisfy the initial conditions 

A(0) = /i(0) = 0; 

A(0) = 1, /i(0) = 0. 

Then the (plane) curvature K\ = K\(u) ^ of C\ completely determines the functions A and 
/1. 

Now, let us consider the surface 

(2.10) S : Z{u, v) = x(v) + A(w) e\{v ) + [i(u) e 2 (w); u G J±, v G J 2 . 

Taking into account (2.9) and (2.10) we obtain 

Z u = Aei + /ie 2 , 

= [1 — k(A cos 9 — h sin 6 1 )] t, 

Z„ x Z„ = -[1 - ^(Acos^ — /isin6 l )](— /iei + Ae 2 ). 
The surface S is smooth at the points, where 

(2.11) \cos9-fism9 ^ -. 

K 

We orientate the surface S by choosing / = —fiei + Ae 2 , i. e. the normal to 5* is the plane 
normal to C\. Then 

E = l, F = 0, G = \1 - k(\cos9 - usm9)} 2 : 

(2.12) . 

L — Ki, M = 0, iV = —k (A sin 9 -\- ft cos 9) [1 — tt(\ cos9 — [i sin 9)]. 

We denote by T the class of surfaces, given by (2.10), under the condition (2.11). 
Taking into account (2.1) and (2.12), we obtain: 
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Lemma 2.1. Any surface S of the class V has the following properties: 

1) the parametric lines are principal; 

2) the family T\ consists of geodesies. 

The invariants of any surface from the class T are given as follows: 

— k, (A sin 6 + fi cos 6) 

u t = ki[U), v 2 = - — -; 

. . 1 — ac(A cos v — /i sm (J) 

— k(X cos 9 — (x sin 9) 

7i = 0, 72 



1 — k(\ cos 9 — fi sin 9) 

Theorem 2.2. Let S be a surface parameterized by principal parameters. If the family T\ 
of principal lines consists of regular geodesies, then S is locally part of a surface from the 
class T. 

Proof: Let us consider the derivative formulas 

(2.14) V x Y = - lx X, 

V x I = -vx X. 

Under the condition 71 = it follows from (2.14), (2.3) and (2.6) that: 

- any line C\{v) from the family Ti lies in a plane, which we denote by E 2 (v); 

- the function i>x(u, v) = Ui(u) depends only on u and K\ = Ui(u) 7^ 0; 

- the normal / of S lies in E 2 (v), i. e. I is (up to a sign) the plane normal of c\. 

Choose one of the principal lines from Ti as the line c 2 : x = x(v). According to (2.2), the 
unit vector fields X and / are torse-forming normals along c 2 . Considering the parametric 
line Ci in the plane x(v)Y(v)l(v), v - fixed, we obtain that c\ is uniquely determined by its 
curvature function K\ = V\ and the initial Frenet frame x(v)Y(v)l(v). Denoting e\(v) = 
Y(v), e 2 (v) = l(v), we obtain that the curve c\ is rigidly connected with the frame field 
x(v)ei(v)e 2 (v). We conclude from here that the surface S has locally the construction of a 
surface from the class T. □ 

3. ON THE INVARIANT THEORY OF STRONGLY REGULAR SURFACES 

In this section we introduce the class of strongly regular surfaces in Euclidean space. For 
this class we reformulate the fundamental Bonnet theorem in terms of the invariants of the 
surfaces. 

Definition 3.1. A surface S : x — x(u,v), (u,v) G T> is said to be strongly regular if 

[vi(u, v) - u 2 (u, u)]7i(u, u)7 2 («, v) ^ 0, (u, v) e V. 

The following statement follows in a straightforward way. 

Lemma 3.2. If S is a strongly regular surface, then the sign of the function (y\ — ^2)7172 
does not depend on the parametrization of S. 

In what follows we specialize the right oriented moving frame XYl so that v\ — v 2 > 0. 
Then the class of strongly regular surfaces is divided into two subclasses characterized with 
the following conditions 

7i72 > 0, 7172 < 0, 

respectively. 
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(3.1 



Considering Codazzi formulas (2.3) we make the observation that 

71 + {v x \ ± 0; 

72 7^ <^ (u 2 ) u ± 0. 
Then it follows that for any strongly regular surface 



E 



> 0, 



G 



> 



72(1/1 - i/ 2 ) ' 71(1/1 - 2/2) 

Thus, using (2.3) we can express the coefficients E, G and L, N by the invariant functions 
2/1, z/2 and 71, 72. In view of (3.1) the Frenet formulas (2.2) get the form 



(3.2) 



X u 
Y u ~- 

X v 
Y v -- 

lift 



7l { v 2)u 

72(1/1 - u 2 ) 



Y 



72(Z/1 - 2/ 2 ) 



J, 



7i (*g)u ^ 

72(2/1 - 2/ 2 ) 



2/1 (2/2j M 
72(2/1 - 2/ 2 ) 



72 (^l)tt 
7l(2/l - 2/ 2 ) 



72 (^i)k 
71(2/1 - z/ 2 ) 



r. 



2/2 (2/1 



7l(2/i - 2/ 2 ) 



/. 



2/2 (2/1, 



y. 



71(2/1 - 2/ 2 ) 

Finding the integrability conditions of the system (3.2) we can formulate the fundamental 
Bonnet theorem in the following invariant form: 

Theorem 3.3. Given four functions fi(u,v), v 2 (u, v), ji(u,v), 72(12, v); (u,v) G V satisfy- 
ing the following conditions: 

1) 2/1 - z/ 2 > 0, 71 {vi) v > 0, 72 (i/ 2 )« > 0; 



2.1) 
2.2) 



In 



7i 



(2/1 j M 
2/1 - 2/ 2 ' 



hi 



2/1-^2 / (7l)t» (72)u 



^1, 



72 /„ 2/1-2/2 
,2 1 _.2> 



(7i +7 2 ) = ^1^2- 



T/ien i/iere exists a unique (up to a motion ) strongly regular surface with prescribed invariants 

Vl, "2, 7l, 72- 

Proof: Let X(u, v), Y(u, v), l(u, v) be three unknown vector valued functions. We consider 
the system (3.2), which can be written in the form 



(3.3) 



where A and B are given skew symmetric 3x3 matrices. 

The integrability condition of the system (3.3) is given by the equality 



( Xu \ 




( X \ 




/ x v 


) 




( X \ 




= A 


Y 


1 


Y v 




= B 


Y 


\L ) 




\l J 




V lv 


J 




Ki ) 



(3.4) 



B,, Aq 



[A,B]. 
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Applying (3.4) to (3.2), we obtain that (3.4) is equivalent to the conditions 2.1) and 2.2) 
of the theorem. 

Now, let XqX Y 1 be an initial orthonormal right oriented coordinate system. Applying 
the theorem of existence and uniqueness of a solution to (3.3) with initial conditions 

X(u , v ) = X , Y(u , v ) = Y , l(u , v ) = l , 

we obtain a unique solution X(u,v), Y(u,v), l(u,v); (u,v) E V, (u ,Vq) E V C T>. 

Next we prove that XYl form an orthonormal right oriented frame field in V . 
Let X(X\ X 2 , X 3 ), Y(Y\ Y 2 , Y 3 ), l(l\ I 2 , 1 3 ) and set 

(3.5) f ij (u, v) := X'X j + Y*Y j + lH j , i,j = 1, 2, 3. 

Differentiating (3.5), and taking into account (3.2), we obtain f % i(u,v) = const = 8^, 5ij 
being the Kronecker's deltas. This proves that XYl form an orthonormal right oriented 
frame field at any point (u, v) E T>' . 
Further, let us put 

(3.6) X u = -. r- X, X v = -. r Y. 

j 2 {u 1 - u 2 ) 7i(^i - U 2> 

It follows from the conditions of the theorem that the integrability conditions for (3.6) are 
valid. Hence, there exists a unique surface S in a neighborhood V of (u ,v ) (V C V) 
satisfying the initial condition x(uo, v ) = Xq. 

The vector valued functions X, Y, I satisfy (3.2) and in view of (3.6) the functions E = 
x^, G = x 2 satisfy (3.1), which shows that the invariants of S are the given functions 
fi, ^2, 7i, 72- □ 

Geometric illustration of Theorem 3.2. Next we give the steps of a geometric construction 
of a surface with prescribed invariants. 

1. The principal line c\ : X\ — Xi(u, v), u E J\, v — of the family T\ with curvature K\, 
torsion T\ and arc-length S\ has the following natural equations: 



72(1/1 - v 2 ) ( 71 
T\ = 7 — r arctan — 

dsi _ (u 2 ) u 



du 72(^1 — ^2)' 

Then there exists a unique (up to a motion) curve c\ : x\ — Xi(u), u E J\ with prescribed 
Ki, T\ and arc- length s\. 

2. There exists a unique orthonormal frame field X(u), Y(u), l(u) along c\ with torse 
forming normals {Y, 1} satisfying the initial conditions 



X(0) = X , Y(0) = Y , 1(0) = l . 
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3. Any principal curve c 2 : x 2 = x(u,v), u = const of the family T 2 with curvature k 2 , 
torsion r 2 and arc-length s 2 has the following natural equations: 

«2 = Vol + 

7i(^i -V2) f , 72 \ 
r 2 = 7 — r arctan — , 

ds 2 _ j-q _ Qi)„ 
dv 71(^1-^2)' 

These equations completely determine the curve c 2 with the initial orthonormal coordinate 
system xi(u)X(u)Y (u)l(u) . 

Hence, the surface is determined uniquely (up to a motion) by the four invariants u±, v 2 \ 71, 

72- 

4. Weingarten surfaces and geometric parameters 
We shall use the definition for the class of Weingarten surfaces in the following form 

A surface S is said to be a Weingarten surface if there exists a differentiate function 
w(t), telCR such that the principal curvatures of S at every point satisfy the condition 
v 2 = wiyx). 

In section 2 we described the class of surfaces satisfying the condition 71 = 0. Now we 
shall specify this result for the class of Weingarten surfaces. 
First we recall some basic facts about canal surfaces. 

A surface S is said to be canal if it is an envelope of a one-parameter family of spheres. 
Any canal surface S is a one-parameter family of circles S = {c(u)} u& j and has the 
following properties [7J, (p. 33): 

S = {c(u)} u( zj is a canal surface if and only if the tangent planes (normals) to S at the 
points of the circles c(u), u = const pass through a fixed point z(u) (z(u)). 

If S = {c(u)} ue j is a canal surface, then the one family of principal lines of S consists of 
the circles {c(u)} ue j. 

The inverse statement of the last assertion is also true. It has been proved in [1] (Theorem 
20.12) under the assumption that the focal set of S is a differentiable manifold. We need 
this property in the following form. 

Proposition 4.1. If one of the families of principal lines of a surface S consists of circles, 
then S is a canal surface. 

Proof: Let the family T 2 consist of circles, i.e. r 2 = and k 2 = k 2 (u) = const (u - fixed). 
Then (2.8) implies that 9 2 = 9 2 (u) = const (u - fixed). Hence S is a canal surface. □ 

Let S : x = x(u, v), (u, v) e V be a canal surface, i.e. the envelope of a family of spheres 
{S 2 (z(u), R(u))}, u G J, where z(u) and R(u) are the center and the radius of the sphere 
S 2 (u), u G J, respectively. We assume that the family T 2 of principal lines consists of the 
intersections S 2 (u) PI S, u G J, which are circles. 

As usual, Y is the unit tangent vector field, normal to the circles of T 2 . We denote by g 
the induced metric on S and by rj the 1-form associated with Y, i.e. rj(Z) = g(Y, Z) for any 
tangent vector field Z to S. Adapting the formulas from [3] to the case n = 2, we obtain 
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that the second fundamental form of any canal surface S has the following form: 

1 1 - R' 2 
h = — g rj <S> rj, 

R R(l - R' 2 - RR" - Ry/l - R' 2 k cos v) 

where k is the curvature of the curve of the centers z = z(u), u G J and v G [0, 2tt). 
Then the principal curvatures of S are given as follows: 



, 1 R"+y/l-R ,2 kcosv 

(4.1) v x = —, v 2 



R 1 - R' 2 - RR" - R\/l - R' 2 A; cos v 



Now we can prove the following modification of Theorem 2.2 for the case of Weingarten 
surfaces. 

Theorem 4.2. Any Weingarten surface satisfying the condition 71 = is locally part of a 
rotational surface. 

Proof: Let S be parameterized by principal parameters and assume that the family T\ 
consists of geodesies, i.e. 71 = 0. Then the formulas (2.3), (2.5) and (2.6) immediately imply 
that V\ = Ui(u), Hi = K\{u) and T\ = 0. 

If S is a Weingarten surface, then u 2 = w(v\) and v 2 = ^{u). Taking into account (2.3) 
and V\ — w(ui) 7^ 0, we find that 

w'X{v x ) 
72 = p— r 

and therefore 72 = 72 (u)- Because of (2.7) and (2.8) it follows that r 2 = and k 2 = k 2 (u). 

Applying Proposition 4.1 we obtain that S is a canal surface. Then (4.1) in view of the 
condition v 2 = v 2 [u) implies that k = 0, i.e. the curve of centers z = z(u) is part of a 
straight line. Hence S is a rotational surface. □ 

Remark 4.3. The argument in the above statement implies that in terms of the denotations 
in Section 2 the class of rotational surfaces is characterized by the conditions: 

71 = 0, K — const, r = 0. 

^From now on we consider only strongly regular Weingarten surfaces. For the sake of 
symmetry with respect to the principal curvatures v\ and v 2 we shall use the following 
characterization of strongly regular Weingarten surfaces: 

A strongly regular surface S : x = x(u,v), (u,v) G D is Weingarten if there exist two 
differentiable functions f(v), g{v), f{y) — g{v) > 0, f'(y)g'{y) 7^ 0, v G X C R such 
that the principal curvatures of S at every point are given by v-y = f(v), v 2 = g(u), v = 
v(u,v), u u (u,v)u v (u,v) ^ 0, (u, v) G V. 

Lemma 4.4. Let S : x — x(u,v), (u,v) G T> be a strongly regular Weingarten surface 
parameterized with principal parameters. Then the function 

does not depend on v, while the function 

li — In jv^exp (^J -^—j 

does not depend on u. 
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Proof. Taking into account (2.3) and (2.1), we find 

^ = ^™ =-H.n^), 72 = |^M = X(.nVG), 

fiy)-9{y) f{v)-9{y) 

which imply that 

The last equalities mean that A^ = and \x u = 0. □ 

Remark 4.5. In the case of a surface with Gaussian curvature K = —1 in [I] (Lemma 21.8) 
it is proved that A = X(u) and \i = fJ,(v). 

Now we introduce the notion of geometric principal parameters on a strongly rergular 
Weingarten surface. 

Definition 4.6. Let S : x = x(u,v), (u,v) G T> be a strongly regular Weingarten surface 
parameterized with principal parameters. The parameters (u, v) are said to be geometric 
principal, if the functions X(u) and fi(v) from Lemma [4.41 are constants. 

Theorem 4.7. Any strongly regular Weingarten surface admits locally geometric principal 
parameters. 

Proof: Let S : x — x(u,v), (u,v) G V be a strongly regular Weingarten surface pa- 
rameterized with principal parameters. Then V\ = f(u), u 2 = g(v), v = u(u,v) for some 
differentiable functions /, g and v satisfying the conditions 

f{y) - g{y) > 0, f{v)g'{v) ± 0, v u {u, v)v v (u, v) ± 0; (u, v) G V. 

Let a = const ^ 0, b = const 7^ 0, (u ,v ) G £> and is = u(u ,v ). We change the 
parameters (u, v) G T> with (w, u) G V by the formulas 

r /= ( r fdv \ , 

u = a / vi? exp I / — I du + m , «o = const, 

J uo \J VQ J 9 J 

v = b VG exp I / J dv + v , v = const. 

J vq \J uo 9 J J 

According to Lemma [4.41 it follows that (u, v) are again principal parameters and 
(4.2) E = — exp I —2 / ^ , G = — exp I -2 



— 1-1 , _ 1 , - , 2 l-l , 

u \ J v a J 9 / u \ J v 9 J , 

For the functions from Lemma 14.41 we find 

A = 1/a 2 , p, = 1/b 2 . 

Furthermore 1/a 2 = E(uq,Vq), 1/b 2 = G(u ,v ). □ 

^From now on we assume that the considered strongly regular Weingarten surface S : 
x(u,v), (u,v) G V is parameterized with geometric principal parameters (u, v). 
As an immediate consequence from Theorem 14.71 we get 
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Corollary 4.8. Let S be a strongly regular Weingarten surface parameterized by geomet- 
ric principal parameters (u,v). Then any geometric principal parameters (u,v) on S are 
determined by (u, v) up to an affine transformation of the type 



011022 7^ 0, 



a 12 a 2 i ^ 0, 



u = an u +bi, 
v— a 22 v +b 2 , 

or 

v = a 2 i u + c 2 , 

where a^-, b t , cf, i,j = 1,2 are constants. 

Next we give a simple criterion principal parameters to be geometric. 

Proposition 4.9. Let a strongly regular Weingarten surface S : x = x(u,v), (u,v) G T> be 
parameterized with principal parameters. Then (w, v ) are geometric if and only if 



V EG{yi — h> 2 ) = const. 

Proof. The equality \J EG \ vi — v 2 \ = exp(A + /i) and Lemma [4.41 imply the assertion. □ 
Taking into account Theorem 14.71 and (3.1), we obtain the following statement. 

Corollary 4.10. A strongly regular Weingarten surface admits isothermal geometric prin- 
cipal parameters if and only if f'(v) + g'(v) —0,i. e. H = ^ - — ^ - = const. 

Theorem 4.11. Given two differentiable functions f(v), g{v)', v G 1, f{y) — g{v) > 0, 
f'{y)(f{y) 7^ and a differentiable function u(u,v), (u,v) G T> satisfying the conditions 

v u v v ± 0, u(u, v) G X. 

Let (u ,v ) G T>, uq = v{uq,Vq) and a ^ 0, b ^ be two constants. If 



b z exp ( 2 
(4.3) K 
—a 2 exp I 2 



v g'dv 



9-f 
v f'du 



f'Vvv + f" 



2/ 



/2 



v 1 



"ii 



f-9 



f-gj v 
g'vuu +[g"- j^j vl 



fg(f - g), 



then there exists a unique (up to a motion) strongly regular Weingarten surface S : x 
x(u,v), (u,v) G T> C T> with invariants 

fi = f("), v i = giy), 

(4.4) 7i = exp / u v , 7 2 = - exp 



J f-g \Juo f-gJ g-f 

and furthermore (u, v) are geometric principal parameters for S . 

Proof: Applying Theorem 13.31 and taking into account Theorem 14.71 we obtain that the 
integrability conditions 2.1) and 2.2) in Theorem 13.31 reduce to (4.3), which proves the 
assertion. □ 
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Using (2.6) and (4.4), we also get 

-bf 

(4.5) 



P + 7? 

gg 
g 2 + il 



f'Vuv + 



f" 



g v u 



r\V-g) 
f(f-g) 
g' 2 (2g-f) 



v u v v 



g(g-f) 

with respect to the geometric principal parameters (u,v). 

5. Applications to special Weingarten surfaces 

5.1. Surfaces of constant mean curvature. Let 5* be a strongly regular surface of con- 
stant mean curvature H, whose parametric net is principal. 
Putting 2v = V\ — v 2 > 0, we have 

vt = H + v, v 2 = H-v, K = H 2 — v 2 . 

Applying Theorem 14.71 we can assume that S is parameterized with geometric principal 
parameters (u,v). Taking into account (4.2) and Corollary I4.10[ we find 



E 



a z is 



G 



N 



Choosing a 2 = 2u , we obtain special geometric principal parameters (u,v), which we call 
canonical principal. With respect to these canonical principal parameters we have 

E = G=j^, 7l = (v / 27)^0, 72 = -(v / 27)„^0 

and the Gauss equation (4.3) in Theorem 4.8 gets the following simple form 



(5.1; 



(H 2 -v 2 ), 



which can be written as follows 
(5.2) 

Applying Theorem 4.8 we obtain 



Aln^ = -(H 2 
v 



Corollary 5.1. Given a constant H and a function u(u,v) > in a neighborhood T> 
of (uq, vq) with v u v v ^ 0, satisfying the equation (5.2) and an initial orthonormal frame 

Then there exists a unique strongly regular surface S : x = x(u, v), (u, v) G V ((u , vq) G 
TJ cT>), such that 

(i) (u,v) are canonical principal parameters; 

(ii) x(u ,v ) = x , X(u ,v ) = X , Y(u ,v ) = Y , l(u ,v ) = l ; 
(Hi) S is of constant mean curvature H with invariants 

vi = H + v, v 2 = H-v, 7i = (v / 2^) t ,, 72 = -(v / 2^) u . 

Up to a renumbering of the principal parameters we can assume that H > 0. 
The equation (5.2) can be specified as follows: 

H = (Minimal surfaces) 

In this case (5.2) becomes 
(5.3) Alms = -v. 
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Putting v = e A , the equation (5.3) gets the form 
(5.4) AA = -e 



A 



Corollary 5.2. Any solution X of the equation (5.4), satisfying the condition X U X V ^ 0, 
generates a unique (up to a motion) minimal strongly regular surface with invariants 

v\ = e\ v 2 = -e\ j 1 = -j=e^X v , 72 = --j= X u . 

H = const > (CMC-surfaces) 
In this case the equation (5.2) can be written in the form 

(5.5) Alnz/ = -2H KhI Kv> . 

Putting — = e A , then (5.5) becomes 
H 

(5.6) AA = -2H sinh A. 
Especially, if H = -, then 

(5.7) AA = - sinh A. 

Corollary 15. II implies the following statement (See also [5]): 

Corollary 5.3. Any solution X of the equation (5.7), satisfying the condition X U X V ^ 0, 
generates a unique (up to a motion) strongly regular surface of constant mean curvature 1/2 
with invariants 

1 1 1a 1a 

^i=2( 1 + eA )' ^ = -(l-e A ), 7i = -^=etA„, l2 = ~^e^X u . 

5.2. Surfaces of constant Gaussian curvature. Let S be a strongly regular surface, 
whose parametric net is principal. In this subsection we consider surfaces with Gaussian 
curvature K — ±1. 

Putting v — vi, we have 

K u 2 -K 



v 2 = — , vi-v 2 = • 

V V 

Further, we assume that the surface S is parameterized by geometric principal parameters 
and V\ — v 2 > 0. Then 

E _ v%-K G _»l-K v 2 



a 2 (v 2 -Ky b 2 v 2 v 2 -K' 

v 2 - K 

We denote e = signi/ = sign {y 2 — K). Choosing a 2 = e(vq — K) and b 2 = e— — 7, — , we 

obtain special geometric principal parameters (u, v), which we call canonical principal. With 
respect to these canonical principal parameters we have 

_ g r _ £ v 2 _ v _v _ -Kh> u 

The Gauss equation (4.5) in Theorem 4.8 gets the form 

(5.8) v m + Kv uu - v2 V _ K {vl + Ku 2 u ) = Ku. 
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Applying Theorem 4.8 we obtain 

Corollary 5.4. Given a constant K = ±1 and a function u(u, v) in a neighborhood T> 
of (uq,v ) with v[y 2 — K) > 0, v u v v ^ 0, satisfying the equation (5.8), and an initial 
orthonormal frame xq X Y l . 

Then there exists a unique strongly regular surface S : x = x(u,v), (u,v) G T> ((m , i>o) £ 
Do C D), such that 

(i) (u,v) are canonical principal parameters; 

(ii) x(u ,v ) = x , X(u ,v ) = X , Y(u ,v ) = Y , 1{u ,v ) = l ; 
(Hi) S is of constant Gaussian curvature K with invariants 

K u v -Kv u . 2 

Ul = u, "2 = -, 7i = -f====, 72 = ^====, e = sign(u - K). 

The equation (5.8) can be specified as follows: 

The case K = 1 
Let e = 1. Then the equation (5.8) becomes 

/ s a , v- 1 2v 

(5.9) A In 

or putting v = — coth 



U+l I/ 2 -l' 

A 

2' 

(5.10) AA = -sinhA, A < 0. 

Corollary 5.5. Any solution A of the equation (5.10), satisfying the conditions A < 0, A^A^ ^ 
generates a unique (up to a motion) strongly regular surface with Gaussian curvature K = 1 
and invariants 

A A X v X u 

v x — — coth-, f 2 = -tanh-, 71 = — - . , A , 72 



T 2' ,x 2sinhf ' 2 cosh f 

Let e — — 1. Renumbering the parameters, we get the previous case. 

The case K = -1 

In this case £ = 1 and the equation (5.8) becomes 

h, v 



(5.11) A ft (arctani/, 
v ' y ' 1 + v 2 

where A h denotes the hyperbolic Laplacian. Putting v = tan |, the equation (5.11) gets the 
form 

(5.12) A ft A = sinA, < A < vr. 

Corollary 5.6. Any solution A of the equation (5.12), satisfying the conditions < A < 

7T 

— , A^A^ 7^ 0, generates a unique (up to a motion) strongly regular surface with Gaussian 
curvature K = — 1 and invariants 

A A A^ X u 
z/i=tan-, f 2 = — cot-, 7i = r, 72 



2' " z w "2' ,A 2cosf ,z 2sinf 

Remark 5.7. Let a strongly regular surface with Gaussian curvature if = —1 be parameter- 
ized with canonical principal parameters. Then E + G = 1. According to Lemma 21.5 in [4] 
it follows that the parametric net is a Tchebyshef net. 
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Example. The Kuen surface with respect to canonical principal parameters. 

The Kuen surface with respect to principal parameters is given as follows [I]: 

X\ = 2(cos u + u sin u) 
x 2 = 2(sin u — u cos u) 
2- 



S : 



23 = In tan ( — 



sin v 

1 + u 2 sin 2 v ' 

sin v 

1 + u 2 sin 2 v ' 
cos v 



ue (o,2tt), ve (o,| 



1 + it 2 sin 2 w ' 



The coefficients of the first and the second fundamental form are the following: 



E 



4u 2 sin 2 v 
(1 + u 2 sin 2 v ) 2 



F = 0, G 



(1 — n 2 sin 2 u) 
L = -2u sin r-^t, M = 0, iV 



(1 - u 2 sin 2 f) 2 
sin 2 + u 2 sin 2 ^) 2 ' 

2u (1 — u 2 sin 2 v) 



'1 + u 2 sin 2 w) 2 



The invariants of S are 

'T 



7l 



1 — u 2 sin 2 f 
2ti sin f 



cos f , 



sin v (1 + m 2 sin 2 v) 2 
2u sin t> 



^2 



1 9 • 2 ' 
1 — m sm v 

-2 sin u 



72 



1 — u 2 sin 2 -y 



We parameterize the Kuen surface with canonical principal parameters: 



(5.13) 



v = In tan ( — ) . 



The Kuen surface with respect to canonical principal parameters (again denoted by (u, v)) 
has the following representation: 

cosh v 



S : < 



%\ = 2(cos u + u sin u) 
X2 = 2(sin u — u cos it) 



u 2 + cosh 2 v ' 

cosh v 
u 2 + cosh 2 v ' 



x 3 = v 



sinh 2v 



u 2 + cosh 2 v 

The corresponding coefficients and invariants are as follows 



E 



2u cosh v- 



Au 2 cosh 2 v 
+ cosh 2 v ) 2 



F = 0, G 



cosh i> 



2 „A2 



fu 2 + cosh v) 2 ' 



u 



2 — cosh 2 v) 



(u 2 + cosh v 



2 ,A2' 



M = 0, iV = -2m cosh v- 



2 — cosh 2 v) 



u 2 + cosh 2 w) 2 



u 



cosh f 



2m cosh v 



2u cosh -u 
71 = tanh 



^2 



cosh w 



2 „ .' 



72 



2 cosh u 
u 2 — cosh 2 f 
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Remark 5.8. (Geometric interpretation of the canonical principal parameters on the Kuen 
surface) Taking into account Theorem 21.30 in [1], it follows that the canonical principal 
parameters (5.13) are the Bianchi transform of the usual principal parameters of the pseudo- 
sphere. Furthermore this parametric net is a Tchebyshef net. 
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